


BLOWING UP THE PROJECTIVE PLANE i

-

Group actions & Cox rings-

Pjrobem : Let 6 be a group acting on R -- KEX, . . . Xn) .

Is

RG - LxeRIgx=x Fg c-G } finitely generated ?

Nagata 58
'

: No in general . Let S -- KLA . -

-xr.si , . .

- br)

& consider the action of Gta f- The additive group Ar)

ti . Xi = Xi{ ti . you = Yi * tixi

Let Go Gar be a general linear subspace of Codim73
and dim 6--9=13
-

¢Nagata):§notfinitdygenerate#
G

Steinberg : 9=6 ⇒ S not finitely generated . (we will see this)



Definition (we assume Picco is torsion
tree)

-

Let X be projective and Di - -
Dr a generating set for Picus .

The wring of X is

~

Cox(X) = GI HO (X ,
m ,Pit - -

-
t MrDr )

(mi
.
. - mr)Ehr

This is graded by deg S =D if SE HEX , D ) .

X is called a Moridream it Coxlx) is finitely generated .

'

{

Example X-ypkprojkcxox.at

Pic (X ) = ZA fer Help
'

a hyperplane .

Cox(X) --
n

HEX
, n
H ) = Kcxosxnxz)

deg Xi =L .

-

\

Example
-

X -

- Bl
,
P
'

pic(x) = ZA HE where It is pullback at hyperplane
and E is the exceptional .

H -E H - E

t t

Cox (X ) = HEX
,
m .Htm ,E) = klxisiz.FI

T
"

Mi
, Mz
EB

(
E

H

Reino Coxlx ) is the homogeneous coordinate ring of the toric

variety X .



Fact ! (Nagata) For Gas above we have
-

§ = Cox ( Ber Ipr
-5 '

)

In particular : g=6 , r=9 gives
SG - Cox (Blg P2 )

Definition
-

A fi ) - curve on a projective surface X is an irreducible

curve Cc X such that CE - I e Cer Ip !

Prog H X contains infinitely may C- t ) -curves , ther X is not

a Mori dream space .

Prot : It suffices to see that the cone of effective divisors is

not finitely generated .

Ett (X ) =L Eai Dc. Idi c-Pick) effective , ai >03€

Suppose EffCx ) is generated by Ci . - -Cr
.

Then for a

C- I ) -curve C we have

r

C = Eaici for Aiko .

i-- i

Then - I = C2= Er
,

ai (c. Ci ) ⇒ c.Coco for some i

⇒ Ceci for some i.
,#



Goat • Compute C- I) -Cornes of Bdr P2 & connect to

Weyl groups e dynkin diagrams .

• Blg P2 is not a Mori dream space .

• What about Bdr R2 r > 10?

Someobservationslet
X= Blrlp? H hyperplane class , Ei the exceptional divisor .

7) Pic (x) is freely generated by H
,
Ei
, . .

. .
Er

2) The canonical divisor is - K×=3H -E , - . .
.

- Er

3) Any Corne class C not an exceptional divisor is of the

form
c = DH - Eai Ei ai 70 .

H . E
.

- so It! I E
.

- 2=-1 Ej - Ei - o i. i .



A bound for d
.

-

• Suppose C is a GD - curve and not an exceptional divisor .

Write

C -- DH - EaiEi

→ c? - I ⇒ d
'
- Eai = - I

→ (RR) 2g- 2=k× .Cte ⇒ Eai -- 3d - I

→ (E.ai )'s r ai Cr-9) It Gdtcr -1330

11
V

For rs 8 we have only a finite number of El ) -curves .

r I 2 3 4 5 6 7- 8

de O l l l 2 2 3 7



The dynnin diagram of a blowup r73
-

X - Ber IP
"

A hyperplane E
, . . - Er exceptional divisors .

Kx =3H - f!Ei .
V= Pic (x ) zlR Gti ) - dim vector space .

The intersection product is a quadratic form on V
.

→ Let EN = # It Orthogonal complement iv. r. t intersection product.

→ Basis ter En : L
,
-

- E, - Ez . -
- - dry = Er - e -Er

nt#3

Ar = H - [ Ei = H - E ,
- Ez - Es

i-
- I

→ Let Liv denote the dual basis and define

Tik) = Xt Xi (x) -q.
for XEPICCX) IR

Det
- The group group generated by the Ti is denoted

'

W(En ) and called the Weyl Group .

'The Li gives a dynein diagram and W(Er) is the

reflection group.

5:59:-&; - - I:-&. . . (Type Er )



Fact (Nagata)

There is a lil correspondence between C-D - curves on X

and the orbit of an exceptional divisor under the action of

the Weyl group .

Bl
,
Ip
?

-

One C- t) - curve : E itself
.

d so

Bla R2 de '

-

Pic (X, Ei , Ez) m) E, e Ez one C-D - curves
.

(H - E ,
-Ez)2 = - l is also one

. No more .

{ Ei , Ee ,
H -E,

-Ez }



Bl
,
P
'

del

-

Pic (X )=hH , Ei , Ez ,
Es)

The C- 17 - curves are :

E , Ez Es

H - Ei - Ej ni
,

-sell :3 's} distinct .

Total : 3+131=6 .

Ei-Ez Ez-Ez H-E, - Ea
-E3

Dynkindiagran •-• • (classically called Azxtti 'D

IWCES ) 1=12

Intersection

E , H - E
,
-Ez

• •

Automorphism group
'
. Da (order 12)

H - E
,
- Eg • • Ez

• •

H - Ez - Es
Es



Ptp
'

del

Pick) -- LH , Ei , . . . , Ey )

tltarves E
, - -

-
. Ey

H - Ei - Ej its c- Ll - - - 4}

Total : 4+1421=10

Dgnkindiag.ro •••tf_- Ei
- Ez- Es

Ei -Ez Ee- Es Es-Ey (Classically Ag )

/w(Ey ) 1=120

Intersectional
Auto group Sg . Order 120

.

- H -Ei -Ez
•

FIE
,

"

"""
"""•*•£"⇒"#•"&⑧ "qq.eu#g*

•#

Ez H- Ez- Ee



Bls P2 DEL
-

pic =L It
, Ei , -

→ Es )

fl)-curues_ Ei - - - Eg

H- Ei - E; its ELI , - - - , 5 }

It - Ei-
-
- -

- Eg

Total : 5 -1 (E) +1=16

Dgnnindiagram
•-•-q-•

(Also called Ds )

•

IWCESS 1=1920

Intersection graph
-

Automorphism group order 1920
.



Btp
'

Pick )=fH , Ei , . . . , Ea ) .

.tl#urves Ei . . - Ea G

H - Ei - Ej ({ )

at - Ei
.
-
. . .
- Eis ( § )

Total : Gtf ) -1 (E) = 27c- Cubic

Dynnindiagram-oe-a-q.ae. Es

•

IWCEGH = 51840

Intersectional

Auto grp order 51840 .



BLIP
'

des

Pico) --LH , Er , - - - Ez )

trues Ei
. -
- Ez 7

H - Ei - E; (Z )

2h - Ei
,

-
e .
- Eis (E )

TH - 2Ei
,

- Eir . . . - Ei , I} )

Total -_ 56

Dynnindiagram-m-q-oe-oe-o.LT/WCEz21--
2903040



BLIP
'

diet

Picks -_ LH , Er , . . - , Es )

1- II - curves Ei - - - Es 8
-

H - Ei - Ej (82 )

2h - Ei
,
-
. -
-

- Eis ( E )

3A - 2Ei
.

- Eir . . . - Eia 2186 )

4h - 2Ei
.

- 2Eiz-2Ei
.

- Eiu- - - Eis (§ )
b-H - LEI

.
-

. .
.

- LEI
.
- Ei
,

- Eis ( 82 )
GH - 3Ei

.

-Iii .
. .

- 2E
, (E)

Total : 2440

Dynkindiagranus •-•-oq_•-•-•-• Es

1wCEsH= 696729600



Blois
Pick ) -- LH , Ee , . . . . Eg >

No longer a bound on d

⑦ The dynkin diagram Eg •*ap•••→•

The Weyl group WCEQ ) is infinite !

X has infinitely many ED - curves .-

Consider very general sections Si
,
see HER? Ocs))

-3 Pencil as
, tbsz of cubic in 0137 with base locus

consisting of 9 pts .

Baselocos

X = Blowup of P2 in these 9 pts . s,
•

•

52=0

X contains infinitely many C- t ) - curves
.



Proof (Mukai ) n =L r -- 9 Weyl group W(Ea ) generated by :
- -

Ei-EZ Ez-E3 Es - EY Ey- Es Es -Ea Ea-E, E,-Eg Eg -Ea
.

For it { l -
- -
8}

. . . - - i i -

I. ( Ei ) = Eit , Ti (Eiti ) - Ei
""""" II:i:÷÷:÷÷:÷÷÷.Recall: it's

{fi ) - curves } >
orbit of an Ei Tg ( Ei ) -- Ei i > 4 .{ under weylgrp }
whoa
For x -

- DH ta , Eit . - - tag Ea write degx -_ d
.

• For WE W W( Kx )=Kx . - Kx -

- BH - E
,
-

. . .

-Eg .

In particular :

degivfkx ) =3 degwctt ) - !§degwLEi ) =3 -

- degtkx)

Given we W

Claim : There is a subset Ichi . . . . . 9 } with II. 1--3 &

¥±degwcEi7 E I ?! deg WCEI )

Tane I to be the indices where degw(E) is minimal .

Thu

¥±degwCEi ) -

- I ?⇐3degwCEilq I degwcei )

Replace some of the degwcei )
with a larger number .



Let he = H - [ Ei then :

ie

deg(WWI ) ) -- deg WCH ) - ifdegwcei )

> deg wut ) - I degwcei )

-

- deg WCH ) - I degwctt )
-3)

= deg WLH ) - deg wut ) -11

= I

Note : there is a reflection RIE Wttg ) sit

RICH )=2H - SEIEi (compose Tg e suitable Ti )

=3 RICH ) - H = he

⇒ deg w( RICH ) )
- deg WCH )

-

- deg WCXI )

⇒ deg w(RICH , ) = degwl HI # 7

This means : Given any WCH ) we can construct a new

element woke in the Weyl group such that

(WOR CH) increases in degree

=> orbit of H infinite



⇒ Orbit of Ei infinite !

⇒ Infinite hr of C- i ) curves
.

This also shows that W ( Eg ) is infinite .

Remarks

l : This shows that W(Eg ) is infinite !

2 : Much more general statements are valid .

Alternative (Nagata )

Step 7 : - Kx defines a map X IP ! Elliptic fibration .

Step 2 : The exceptional divisors are sections of t .

Step 3 : Using group structure of the fibers induce (in general )

an infinite family of C- t ) -curves
.





BIP
'

Pic (X ) -- LH
,
Ei
,

. .
.

,
Eco )

- Kx =3H - Er. . .

- Elo

Note f- K×}= 9 - 10=-1

Sometinalobserrati#
-

NETX ) -

- {cone of curve classes Cox}/mgyqu

rs9_ - K, ample
and NIH ) is a rational polyhedral cone

generated by rays of C- t ) curves
. .

;
.

.

.?
"'

.

Kt = {C with Knc -- o}
1-

r=9_ Infinite number of C- t ) curves . (still isolated bot accumulates )

÷
. :*"

÷:÷±:÷ :

"
'
s .
. . . ..

'Kx

# Kt
+



conjectured that this is
F- 10 nTEc×, exactly NICXI .
-

.

C-1) rays .

.

.

, I

-

.

- Kt
I

- k•× (No longer edkcb're ! )

The big difference is that the cone NETX ) becomes infinitely generated

when r is large . For rt to you need an uncountable.y large generating set .


